Suppose we can apply a given 2-qubit Hamiltonian H to any (ordered) pair of qubits. We say H is n-universal if it can be used to approximate any unitary operation on n qubits. While it is well known that almost any 2-qubit Hamiltonian is 2-universal (Deutsch, Barenco, Ekert 1995; Lloyd 1995) , an explicit characterization of the set of non-universal 2-qubit Hamiltonians has been elusive. Our main result is a complete characterization of 2-non-universal 2-qubit Hamiltonians. In particular, there are three ways that a 2-qubit Hamiltonian H can fail to be universal: (1) H shares an eigenvector with the gate that swaps two qubits, (2) H acts on the two qubits independently (in any of a certain family of bases), or (3) H has zero trace. A 2-non-universal 2-qubit Hamiltonian can still be n-universal for some n ≥ 3. We give some partial results on 3-universality.
Introduction
It is often useful to understand when a given set of resources is sufficient to perform universal computation. In particular, universal Hamiltonians have many applications in quantum computation.
Suppose we can implement one specific 2-qubit Hamiltonian H ∈ u(4), where u(4) denotes the set of all 4 × 4 Hermitian matrices. Assume we have n qubits and we can apply H to any ordered pair of them for any amount of time. We say that H is n-universal if it is possible to approximate any unitary evolution U ∈ U(2 n ) to any desired accuracy by repeatedly applying H to different pairs of qubits. It is known that almost any 2-qubit Hamiltonian is universal [7, 11] , i.e., non-universal 2-qubit Hamiltonians form a measure-zero subset of u(4). Thus generic interactions are suitable for universal computation. But this does not address the issue of deciding whether a particular Hamiltonian is universal.
Given a specific H ∈ u(4), one can check numerically if H is n-universal by determining whether H, when applied on different pairs of qubits, generates the Lie algebra of U(2 n ) (see Section 2.4). However, this characterization can be inconvenient for answering structural questions about universality. For example, suppose we can experimentally implement Hamiltonians of a certain restricted form, say, α(X ⊗I)+β(Y ⊗Y ) for some α, β ∈ R. Determining which of these Hamiltonians are universal is not straightforward using the Lie-algebraic characterization. Indeed, until now there has been no simple closed-form characterization of the set of non-universal 2-qubit Hamiltonians.
In this paper we characterize the set of all 2-non-universal 2-qubit Hamiltonians. In particular, our characterization easily answers questions such as those described above. We give a finite list of families of 2-non-universal 2-qubit Hamiltonians such that each family can be easily parametrized and together they cover all 2-non-universal 2-qubit Hamiltonians.
The remainder of the paper is organized as follows. Section 2 introduces the concept of universality. We give our definition of universality, contrast this definition with some alternatives, review previous related work, and present a Lie-algebraic formulation. Section 3 then establishes our main result. We start from some simple families of Hamiltonians that are obviously 2-non-universal, extend them with a class of operations that preserve this property, and then show that the extended families exactly characterize 2-universality. Section 4 briefly summarizes what we know about 3-universality. Finally, we conclude in Section 5 with a discussion of some open problems.
Definition 2 only allows the use of positive t i for simulating a unitary U by Hamiltonians H 1 , . . . , H k , since t i corresponds to the length of time the system evolves according to H ji . However, this restriction can be relaxed to t i ∈ R. This is because an evolution by negative time can be approximated by evolving our system according to H for some positive time instead (see Claim 1 in Appendix A for a proof).
We only require the ability to approximate any unitary to arbitrary precision. Such a definition is motivated by related universality problems based on discrete universal gate sets to be discussed below. We are not concerned about the time it takes to complete the simulation as long as we can simulate any unitary. Also, we do not assume the availability of ancillary systems. Definition 3. Let 2 ≤ m ≤ n. We say that an m-qubit Hamiltonian H is n-universal if we can simulate all unitary transformations in U(2 n ) using Hamiltonians from the set
where S n is the group of matrices that permute n qubits. That is, we can apply H to any ordered subset of m qubits (out of n qubits in total).
The main goal of this paper is to characterize the set of 2-universal 2-qubit Hamiltonians. One motivation for this is that any 2-universal 2-qubit Hamiltonian is also n-universal for all integers n ≥ 2 (see Lemma 2 in Section 2.4). Note that a 2-qubit Hamiltonian H is 2-universal if we can simulate all unitary transformations in U(4) using H and T HT , where T is the gate that swaps the two qubits, with the following representation in the computational (i.e., standard) basis:
To achieve our goal, we classify those 2-qubit Hamiltonians that are not 2-universal.
Other notions of universality
Universal primitives for quantum computation, such as Hamiltonians and unitary gates, have been extensively studied previously; see for example Refs. [1, 2, 6, 7, 8, 10, 11, 15] . Since the primitives are often physically motivated, there are different definitions of universality appropriate for different circumstances. First, one can study the universality of a set of quantum gates (instead of Hamiltonians). Second, one can study universality assuming ancillary qubits can be prepared and used to facilitate the computation. In particular, one might consider the following definitions of universality with ancillae:
Definition 4. For all n, k ∈ N let C(n, k) be the set of all functions from n-bit strings to k-bit strings. We say that a set of logical gates S is classically universal with ancillae if for all n, k ∈ N and all C ∈ C(n, k) there exist n a ∈ N and a logical circuit G ∈ C(n + n a , k + n a ) containing gates exclusively from S that simulates C using ancillae, i.e., there exists a ∈ {0, 1} na such that for all ψ ∈ {0, 1} n we have (C(ψ), a) = G(ψ, a).
Definition 5. We say that a set of unitary gates S is (quantumly) universal with ancillae if for all n ∈ N, all ε > 0, and all U ∈ U(2 n ), there exist n a ∈ N and a quantum circuit G ∈ U(2 n+na ) containing gates exclusively from S that approximates U with precision ε using ancillae, i.e., there exists a ∈ {0, 1} na such that for all |ψ ∈ C 2 n we have (U |ψ ) ⊗ |a − G(|ψ ⊗ |a ) < ε.
Note that in the above definitions we assume the ability to prepare standard basis states. We allow initializing the ancillary bits to arbitrary standard basis states (as opposed to only |0 ) since some of the gates considered below (e.g., the Toffoli gate and Deutsch's gate) need ancillary bits prepared in basis states other than |0 to achieve universality. However, other reasonable definitions of universality with ancillae are possible. (For example, the ancillary state need not be preserved in Definitions 4 and 5.) In the classical case we can implement any logical gate exactly using elements of a universal gate set. In contrast, in the quantum case we only require the ability to approximate any unitary to arbitrary precision. This definition is motivated by the need to use discrete universal gate sets to perform fault-tolerant quantum computing [4, 14] ; such sets cannot implement a continuum of operations exactly.
Previous results

Universal gate sets with ancillae
It is well known that the gate set {NAND, FANOUT} is classically universal with ancillae. Deutsch [6] showed that any gate from a certain family of 3-qubit unitary gates is quantumly universal with ancillae. DiVincenzo [8] suggested that it might be difficult to implement Deutsch's unitary gates as it is hard to build a mechanical device that brings three spins together. To obviate this, he devised a set of four 2-qubit unitary gates that is quantumly universal with ancillae. Barenco [1] improved DiVincenzo's result by showing that a single 2-qubit unitary gate A(φ, β, θ) is universal with ancillae, where
and φ, β, and θ are irrational multiples of π and of each other.
Universal gate sets without ancillae
Sets of unitary gates have also been found that can approximate any unitary transformation without the use of ancillary qubits. It is well known [5, 13] that the Controlled-NOT gate together with all 1-qubit gates form a universal gate set. Furthermore, several different finite sets of universal 2-qubit quantum gates are known [4, 10, 17] .
Universality of a single 2-qubit gate without ancillae
In 1995, Deutsch, Barenco, and Ekert [7] and Lloyd [11] independently showed that almost any 2-qubit gate can be used to approximate all 2-qubit unitary evolutions. In other words, the set of non-universal unitary gates forms a measure-zero subset of the group U(4). Notably, in order to achieve universality, ancillary qubits are not required. The approaches used in [7] and [11] are similar in many respects and build upon the Lie-algebraic approach of DiVincenzo [8] . Neither approach is constructive and both analyses revolve around the Lie algebra generated by H and T HT , where H is a Hamiltonian corresponding to a generic unitary and T is the gate exchanging the two qubits (recall equation (3)). The proof in Ref. [11] omits some details (some of which were later filled in by Weaver [18] ), whereas Ref. [7] provides a more complete proof. Our work builds upon some of the techniques described in Ref. [7] . Unfortunately, the arguments of that paper have some shortcomings:
1. The goal of [7] is to establish the universality of a generic unitary U ∈ U(4). The argument begins by replacing U with a "Hamiltonian H generating U ," defined as a solution to U = e iH . However, there generate U = I 4 , while only H can be used to approximate some non-identity evolutions. Thus one should give either a prescription for the choice of the generating Hamiltonian or a proof that different choices generically have the same power, but neither was provided in [7] .
2. The argument makes use of the fact that any gate A given by (4) is universal. However, such gates are only universal with ancillae (because |00 is a fixed-point of both A and T AT , so composing them cannot approximate any U ∈ U(4) that does not fix |00 ), yet the final result claims universality without the need for ancillae.
3. The argument proceeds by considering a Hamiltonian H 1 that generates the gate A. The authors claim that H 1 is universal due to the linear independence of the following 16 nested commutators of H 1 and T H 1 T :
However, as in item 1, the claim may or may not hold depending on the choice of the Hamiltonian H 1 generating A. In fact, the most natural choice,
does not generate u(4) since the entire Lie algebra fixes |00 . However, there are other choices of H 1 for which H 1 , . . . , H 16 are linearly independent. For example, if one chooses H 1 to act diagonally in a random basis on the degenerate 1-eigenspace of A, with eigenvalues 2π and 4π, then H 1 , . . . , H 16 are found to be linearly independent in a numerical experiment.
For any explicit Hamiltonian H, it is simple to generate the 16 matrices according to (6) and their linear dependence is easily checked. If these 16 matrices are linearly independent, then we say that (6) certifies the universality of H.
4.
To show that almost any unitary gate is universal, non-universal gates are argued to lie in a submanifold of U(4) of at most 15 dimensions. The argument begins by considering a one-parameter family of Hamiltonians H(k) = H + k(H − H) where k ∈ R, H is arbitrary, andH is a fixed Hamiltonian whose universality is certified by (6) . Then, unless k is a root of a certain polynomial of finite degree, (6) also certifies the universality of H(k). This argument is claimed to extend to a 16-dimensional neighborhood of H (which could be parametrized as
However, the explicit analysis of the relevant multivariate polynomial is omitted. Furthermore, the argument requires that (6) certifies the universality of each ofH (1) , . . . ,H (16) , but this is not demonstrated, and it is unclear to us whether it actually holds for some choice of H 1 .
Reference [7] also conjectures that a 2-qubit unitary gate is non-universal if and only if it 1. permutes states of some orthonormal basis or 2. is a tensor product of single-qubit unitary gates.
We note that a unitary gate U satisfying item 1 need not be non-universal, because U and T U T may not permute the same basis. We presume that the authors of [7] intended to require that both U and T U T permute states of the same orthonormal basis.
In Theorem 2 of this paper, we disprove the above conjecture and give a complete characterization of the set of non-universal 2-qubit Hamiltonians, thereby resolving a variant of the above question.
Proving universality
The first step in our quest for a simple closed-form characterization of universal Hamiltonians is a characterization of universality in terms of Lie algebras, just as in [7, 11] .
Definition 6. We write L (H 1 , . . . , H k ) to denote the Lie algebra generated by Hamiltonians H 1 , . . . , H k . It is defined inductively by the following three rules:
The set of evolutions that can be simulated using a set of Hamiltonians is given by the following lemma: Lemma 1. Assume that we can evolve according to Hamiltonians H 1 , . . . , H k for any desired amount of time. Then we can simulate the unitary U if and only if
where "cl" denotes the closure of a set.
1
One can easily prove the above lemma using the Lie product formula, the analogous formula for e [A,B] , and the Campbell-Baker-Hausdorff formula [9] . Now we can obtain a simpler and more practical sufficient condition for n-universality than the original one from Definition 3.
where S n is the group of matrices that permute n qubits and u(2 n ) is the set of all 2 n × 2 n Hermitian matrices. In particular, a 2-qubit Hamiltonian H is 2-universal if L (H, T HT ) = u(4), where u(4) is the set of all 4 × 4 Hermitian matrices. Now we proceed to show that if a Hamiltonian H is n-universal then it is also n -universal for all n ≥ n. Note that this is not completely trivial, since the added qubits are not ancillary, i.e., we have to be able to simulate any unitary on all of the qubits.
Lemma 2. If a Hamiltonian H is n-universal for some n ≥ 2, then it is also n -universal for all n ≥ n. In particular, a 2-universal 2-qubit Hamiltonian H is also n-universal for all integers n ≥ 2.
Proof. Since H is n-universal for some n ≥ 2, it can be used to simulate all unitary transformations in U(2 n ) that act non-trivially on no more than two qubits. But any unitary gate on n qubits can be decomposed into gates that act non-trivially only on one or two qubits without the need for ancillae [2, 13] , so H is n -universal.
Characterization of 2-universal Hamiltonians
In this section we classify the set of 2-qubit Hamiltonians that are not 2-universal. Since we only consider 2-universality, we simply say that a Hamiltonian is universal (instead of "2-universal") or non-universal (instead of "not 2-universal") for the remainder of this section.
Our analysis relies on an equivalence relation that partitions the set of all 2-qubit Hamiltonians into equivalence classes, each containing only universal or non-universal Hamiltonians (but not both). First we identify three families of non-universal Hamiltonians and extend each family to the union of the equivalence classes containing its family members. Then we show that each subset contains a special element whose universality (or non-universality) can be succinctly characterized. This allows us to show universality of any Hamiltonian not belonging to any of the three generalized non-universal families. 
The T gate and the T -basis
The gate T that swaps two qubits is of central importance since it is the only non-trivial permutation of two qubits. Recall that its matrix representation in the computational basis is It has two eigenspaces, namely
where E − corresponds to the eigenvalue −1 and E + to the eigenvalue +1. The normalized vector
that spans E − is called the singlet state. We prove the following basic facts about the T gate in Appendix B: We will use both the computational basis and one in which T is diagonal, with the singlet state as the first basis vector. For definiteness, we choose 
Three simple families of non-universal Hamiltonians
Three families of non-universal Hamiltonians are easily identified. In Section 3.4 we extend these families to larger sets of non-universal Hamiltonians, so the above do not literally exhaust the set of non-universal Hamiltonians. However, we prove in Section 3.5 that the extended families contain all non-universal Hamiltonians, so these three families do capture the essence of what makes a Hamiltonian non-universal.
T -similarity
The following equivalence relation between Hamiltonians is central to our analysis: Definition 7. We say that matrices A and B are T -similar if there exists a unitary matrix P such that B = P AP † and [P, T ] = 0.
Conjugation by P preserves universality, i.e., it maps universal 2-qubit Hamiltonians to universal Hamiltonians and non-universal 2-qubit Hamiltonians to non-universal Hamiltonians. In particular: Theorem 1. Let A, B be T -similar 2-qubit Hamiltonians. Then A is universal if and only if B is.
Proof. Assume 2-qubit Hamiltonians A and B are T -similar. Then there is some P ∈ U(4) such that B = P AP † and [P, T ] = 0. Suppose A is universal. We want to show that B is also universal. We have to show that using B we can simulate any U ∈ U(4) with any desired precision ε > 0. Since A is universal, we can simulate P † U P ∈ U(4) with precision ε, i.e., there exists n ∈ N and t 1 , . . . , t n ≥ 0 such that
Since T P = P T , B = P AP † and e 
Combining (15) with (16) and noting that the spectral norm is invariant under unitary conjugation gives
Hence e −iBt1 e −iT BT t2 e −iBt3 . . . e −iT BT tn is the desired simulation of U with precision ε. We conclude that B is universal.
Thus T -similarity partitions the set of all 2-qubit Hamiltonians into equivalence classes, each containing only universal or non-universal Hamiltonians.
Three extended families of non-universal Hamiltonians
In view of Theorem 1, each family of non-universal Hamiltonians in Fact 4 can be extended to include Hamiltonians that are T -similar to its elements. We now analyze each of these three extended families. 
H is local and P commutes with T , but P HP
which is non-local. Thus the extended family is strictly larger.
T -similarity transformations preserve the property of sharing an eigenvector with the T gate:
Lemma 3. The set of two-qubit Hamiltonians sharing an eigenvector with the T gate is closed under conjugation by unitary transformations that commute with T .
Proof. Let U satisfy [U, T ] = 0 and let |v be the eigenvector shared by H and the T gate, i.e., H |v = λ H |v and T |v = λ T |v for some λ H , λ T . We claim that U |v is an eigenvector shared by the T gate and U HU † . First, note that U HU † (U |v ) = U H |v = λ H U |v . We also have T (U |v ) = U T |v = λ T U |v . Thus U |v is an eigenvector shared by the T gate and U HU † .
Therefore, the extension does not add more non-universal Hamiltonians to this family.
The set of traceless Hamiltonians is preserved by T -similarity transformations.
Using the above, we generalize Fact 4 to the following:
Lemma 4. A two-qubit Hamiltonian H is non-universal if any of the following conditions holds:
1. H is T -similar to a local Hamiltonian, 2. H shares an eigenvector with the T gate, or 3. Tr(H) = 0.
Another easily recognized family of non-universal Hamiltonians is the set of generators of orthogonal transformations. However, this set can be shown to be contained in the first family of the above lemma [12] . Similarly, Hamiltonians with degenerate eigenvalues can be shown to be non-universal, since they always share an eigenvector with the T gate (see Fact 5 in Appendix B).
It is straightforward to check whether a given Hamiltonian belongs to the last two families of non-universal Hamiltonians in Lemma 4. The following lemma (proved in Appendix C) gives an efficient method to check whether a given Hamiltonian with non-degenerate eigenvalues is T -similar to a local Hamiltonian. 
where |s is the singlet state defined in equation (12).
The three extended families of non-universal Hamiltonians are exhaustive
In this section we show that the list of non-universal families of Hamiltonians in Lemma 4 is in fact complete. This is done by analyzing a special member of each T -similarity equivalence class.
Tridiagonal form
We now introduce a normal form for 2-qubit Hamiltonians.
Definition 8. We say that a 2-qubit Hamiltonian is in tridiagonal form if it is of the form Type 1  Type 2  Type 3  Type 4 where * 1 ≥ * 2 ≥ * 3 and "+" stands for a positive entry and " * " for any real entry.
When given a 2-qubit Hamiltonian in tridiagonal form, we will often use the letters a, b, c, d, e, f, g to refer to its entries as indicated in equation (19).
Definition 9. For any 2-qubit Hamiltonian H, we say that Ξ is a tridiagonal form of H if H and Ξ are T -similar and Ξ is tridiagonal in the T -basis. (We will useΞ := U T ΞU † T to denote Ξ in the T -basis.)
It follows from the definition that T -similar 2-qubit Hamiltonians share the same tridiagonal forms (if they exist). We now show that for every 2-qubit Hamiltonian a tridiagonal form indeed exists and is in fact unique. Thus, each equivalence class is uniquely characterized by the tridiagonal form of its Hamiltonians.
Lemma 6. Every 2-qubit Hamiltonian H has a unique tridiagonal form Ξ.
Proof. Since T -similarity is basis-independent, we prove the lemma in the T -basis. In other words, we prove thatH := U T HU † T is T -similar to a unique tridiagonal matrix. Note that in the T -basis, T -similar matrices are related by conjugation by some unitary V ∈ U(1) ⊕ U(3).
Let the first column ofH be (
T , where (h 3 , h 4 ) T = d ≥ 0, and choose P 2 ∈ I 2 ⊕ U(2) such that the second column
Note that the first column ofH 2 remains the same as forH 1 . Finally, we can find P 3 ∈ I 3 ⊕ U(1) such that the last entry f of the third column ofH 3 := P 3H2 P † 3 is real and non-negative. SinceH 3 is Hermitian, its diagonal entries are real and it has the form (19). If neither b nor d is zero, we are done. If b = 0, we diagonalize the lower right 3 × 3 block ofH 3 by conjugating with unitary transformations of the form 1 ⊕ U(3). Similarly, if d = 0 we diagonalize the lower right 2 × 2 block. Thus we obtain a tridiagonal form of H. Now we show that Ξ is unique. If Ξ 1 and Ξ 2 are both tridiagonal forms of H, then in the T -basisΞ 1 andΞ 2 are related by conjugation by some V ∈ U(1) ⊕ U(3). We first considerΞ 1 of type 1. Since the first column ofΞ 2 has to be of the form (a, b, 0, 0)
T for some a, b ∈ R, b > 0, V has to be of the form e iϕ I 2 ⊕ U(2) for some ϕ ∈ R. Similarly, by considering the second and third columns ofΞ 2 , we conclude that V = e iϕ I 4 . Thus, we haveΞ 2 = (e iϕ I 4 )Ξ 1 (e −iϕ I 4 ) =Ξ 1 . IfΞ 1 is of type 2, 3, or 4, similar reasoning can be applied; in each case, the form of V is constrained so thatΞ 1 =Ξ 2 .
Tridiagonal forms of non-universal Hamiltonians
In this section we give a simple characterization of the three families of non-universal Hamiltonians listed in Lemma 4 in terms of their tridiagonal forms. Lemma 7. Let H be a 2-qubit Hamiltonian and let Ξ be its tridiagonal form, withΞ given by equation (19) . Then H has a common eigenvector with the T gate if and only if bdf = 0.
Proof. By Fact 2, H has a common eigenvector with T if and only if H has an eigenvector orthogonal to the singlet |s . By definition of the tridiagonal form, there is a unitary conjugating H toΞ, T toT , and taking |s to |s . Thus it suffices to show thatΞ has an eigenvector orthogonal to |s if and only if bdf = 0.
If bdf = 0, thenΞ has an invariant subspace orthogonal to |s . This subspace has dimension 3, 2, or 1 if b = 0, d = 0, or f = 0, respectively. In any case, it contains at least one eigenvector, soΞ has an eigenvector orthogonal to |s .
IfΞ has an eigenvector |ṽ that is orthogonal to |s , then |ṽ = (0, v 2 , v 3 , v 4 ) T for some v 2 , v 3 , v 4 ∈ C, not all zero. SinceΞ is Hermitian, we haveΞ |ṽ = r |ṽ for some r ∈ R, or equivalently, Proof. Assume a = c = e = g. H is T -similar to a local Hamiltonian if and only if Ξ is, so we can apply Lemma 5 to Ξ. A straightforward calculation gives eigenvectors |v i,j ofΞ for i, j ∈ {0, 1}, with eigenvalues
The overlaps of these eigenvectors with the singlet state are
For each j ∈ {0, 1}, λ 0,j + λ 1,j = 2a and | v 0,j |s | = | v 1,j |s |, so both conditions in Lemma 5 are satisfied. Hence H is T -similar to a local Hamiltonian. Now assume that H is T -similar to a local Hamiltonian. We prove thatΞ has a = c = e = g by explicitly computing it. We do this in two steps: first we show that H is T -similar to some H of the form
for some α, x 1 , z 1 , z 2 ∈ R (where I :
, and then we find the common tridiagonal form of H and H .
Step 1. Consider conjugating H by U ⊗ U where U ∈ SU(2) (clearly, [U ⊗ U, T ] = 0). It suffices to consider a local Hamiltonian
for some 1-qubit Hamiltonians H 1 and
† is of the form (23), where U := (DV ) ⊗ (DV ).
Step 2.
Recall that H in the T -basis is given byH := U T H U † T . Using equation (23), we get
Note that x 1 = 0, or else, by Lemma 7, we contradict the fact that H does not share an eigenvector with T . We apply one more T -similarity transformation to bringH into tridiagonal form. Let l := x 2 1 + (z 1 − z 2 ) 2 > 0 and
which is in I 1 ⊕ U(3). Then
Since H does not share an eigenvector with T , the (2, 1), (3, 2) , (4, 3) entries of Q †H Q are all nonzero. Their signs can be made positive by conjugation with a diagonal matrix with diagonal entries ±1, preserving the diagonal elements (note that this is a T -similarity transformation). This tridiagonal form of H and H has equal diagonal entries as claimed.
Using Lemmas 7 and 8, we can restate Lemma 4 in terms of the tridiagonal form: Corollary 2. Let H be a 2-qubit Hamiltonian with tridiagonal form Ξ, withΞ given by (19). Then H is non-universal if 1.Ξ has bdf = 0, 2.Ξ has a = c = e = g, or 3.Ξ has a + c + e + g = 0.
Universality certificate for tridiagonal Hamiltonians
Given a Hamiltonian H that does not satisfy any of the conditions of Corollary 2, we provide a list of 16 linearly independent linear combinations of nested commutators ofΞ andTΞT . This shows that L (H, T HT ) = L(Ξ,TΞT ) = u(4). Hence it follows from Corollary 1 that H is universal.
Let E k,l := |k l| and define a basis for su(4) (i.e., for traceless 4 × 4 Hermitian matrices) as follows:
Y k,l := −iE k,l + iE l,k , (1 ≤ k < l ≤ 4) (29)
These 15 matrices together with any Hermitian matrix with non-zero trace form a basis for u (4) . We now obtain these basis vectors as nested commutators ofΞ andTΞT . By violation of the first condition in Corollary 2, bdf = 0. Thus we can generate A := One of these cases has to hold since the second condition in Corollary 2 is violated. We next obtain 
We obtain the remaining basis elements as follows: 
At this point we can generate su (4) . If the third condition in Corollary 2 does not hold, then Tr(Ξ) = 0, so addingΞ gives all of u(4). 
